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Abstract
Quark and gluon distributions in the light-cone wavefunction of a
high energy hadron or nucleus are calculated in the saturation regime.
One loop calculations are performed explicitly using the equivalence
between the parton distribution in the light-cone wavefunction and the
production distribution of that parton in a current-nucleon (nucleus)
scattering. We argue that, except for some overall numerical factors,
the Weizsa¨cker-Williams wavefunction correctly gives the physics of
the gluon distribution in a light-cone wavefunction.
1 Introduction
The idea of parton saturation[1] in QCD is at the heart of the interest in
small-x hadron and nuclear physics. This idea has its simplest and most
intuitive statement in terms of the light-cone wavefunction of a high energy
hadron or nucleus. Saturation of quark and antiquark densities[1, 2] is the
statement that the density of quarks per unit area and per unit of two-
dimensional transverse momentum, that is per unit of true transverse phase
space, is limited by a constant times the number of colors so long as the
quark momentum is below some momentum Qs, the saturation momentum.
Above Qs the quark distribution becomes perturbative. The result is stated
precisely in (29). While the value of Qs can depend on the particular hadron
whose wavefunction is being considered and on the longitudinal momentum
1This research is sponsored in part by the Department of Energy, Grant
DE-FG02-94ER-40819.
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fraction of the quark, the statement of saturation, as given in (29), contains
no knowledge of QCD dynamics or of the hadron in question. The analogous
statement of gluon saturation[1, 2, 3, 4] is somewhat different. Gluon densi-
ties can be much larger than quark densities. The gluon density naturally has
a term N
2
c−1
αNc
as a factor in its ultimate limit and a ℓnQs/ℓ
2 also appears lead-
ing to the expression (64) for the gluon density per unit of phase space in the
light-cone wavefunction. Eqs.(29) and (64) are based on one-loop quark and
gluon calculations, respectively, and for a large nucleus with an additional
use of BFKL dynamics in the gluon case. However, because (29) and (64)
are so directly related, in general, to the scattering of a quark-antiquark pair
and a gluon pair, respectively, on a nucleus or on a high momentum hadron
we believe that these results are quite general except for the possibility of a
pure number, not depending on the hadron in question, as a multiplicative
factor on the right-hand sides of (29) and (64).
In the case of the gluon density in a large nucleus in the saturation region
there is a very nice model suggested by McLerran and Venugopalan[5] where
the valence quarks of the nucleons of the nucleus are treated as the sources
of Weizsa¨cker-Williams gluons[3, 5, 6] which make up the small-x gluon dis-
tribuiton of the nucleus. This model leads to gluon saturation as expressed
in (6) and (8). Except for an overall constant factor we believe these are
general results and thus that the Weizsa¨cker-Williams model is a good pic-
ture of the gluon saturation regime of the high energy hadron or nucleus. In
the Weizsa¨cker-Williams approximation the saturated gluon distribution is a
pure gauge field and this again is believed to be a general result[7]. The fact
that the saturated gluons are pure gauge fields does not mean that they do
not have a direct physical interpretation. Indeed, our procedure for calcu-
lating the gluon distribution in the nucleus is to note that it is the same as
the spectrum of produced gluons[4], a physical object. However, the fact the
Weizsa¨cker-Williams gluons are pure gauge gluons is what allows an exact
calculation of their distribution.
The dynamics that leads to parton saturation is BFKL evolution[8, 9] be-
cause the increasing number of gluons that appear in a hadron’s wavefunction
due to longitudinal momentum or x-evolution occupy a common region in
transverse phase space and so can naturally lead to the large values of Aµ
(see (8)) required for saturation. It is possible that the turnover in ∂F2
∂ℓnQ2
observed recently at HERA[10, 11] at small x as Q2 is lowered below 2GeV 2
may already indicate a saturation of the quark distribution[12, 13, 14]. The
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fact that diffractive production, γ∗+P → x+P, indicates an energy depen-
dence much stronger than that suggested by soft physics[11] may also be an
indication that saturation has been reached at HERA[15, 16]. Deep inelastic
scattering on nuclear targets at HERA should be a very good place to look
for saturation. If the turnover in ∂F2
∂ℓnQ2
really is due to saturation one can
expect that the turnover occur at Q2 > 5GeV 2 in deep inelastic scattering
off large nuclei. Another place where saturation effects may be important
is in the very early stages of relativistic heavy ion collisions. At RHIC one
expects the gluon saturation momentum to be about one GeV with minijets
in that regime contributing most of the freed energy. At LHC the satura-
tion momentum should be 2-3 GeV bringing saturation dynamics into play
as a major determinant in the very early stages, well before equilibration, of
heavy ion collisions. Finally, when potentials as large as A ∼ 1/g are reached
one has entered a whole new regime of nonperturbative QCD where, for ex-
ample, instanton effects can become important. Since the large potentials in
the wavefunctions are pure gauge fields perturbation theory remains valid in
describing the light-cone wavefunctions[7]. However, in the very early stages
of the central region of a head-on heavy ion collision these gauge fields are
freed, and over the time of the freeing of the gluons large field strengths,
Fµν ∼ 1/g, appear whose dynamics should be genuinely nonperturbative.
In Sec.2, we indicate how one can determine the quark and gluon distri-
butions in the light-cone wavefunction by looking at quark and gluon pro-
duction. The essence of the argument is that in a particular light-cone gauge,
described in detail in Ref.[4], final state interactions are absent allowing par-
ton production to be an indicator of the wavefunction of the hadron. In Sec.2,
the Weizsa¨cker-Williams result for the wavefunction is briefly reviewed.
In Sec.3, we calculate the quark momentum distribution in a large nu-
cleus. This calculation is equivalent to the one-quark-loop fluctuations in the
Weizsa¨cker-Williams background field of the nucleus. However, our method
of doing the calculation, following Ref.[2], emphasizes the relationship be-
tween the quark distribution of the nucleus and the cross section for scatter-
ing a quark-antiquark pair on the nucleus. Saturation then corresponds to
blackness in the scattering of the quark-antiquark pair on the nucleus.
In Sec.4, we determine the gluon distribution at the one-loop level. Here
the saturated distribution includes a factor of ℓn1/x replacing 1
α
ℓnQ2s/ℓ
2 from
the Weizsa¨cker-Williams result.
In Sec.5, we interpret the one-loop results in terms of unitarity limits and
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the quantum mechanical shadow term from a black disc.
Finally, in Sec.6, we argue that higher corrections, beyond the one-loop
correction should simply replace, up to a constant factor, the ℓn1/x factor
found in the one-loop calculation by 1
α
ℓnQ2s/ℓ
2 leading again to the semiclas-
sical result.
2 Determining quark and gluon densities in
the light-cone wavefunction
The key observation allowing one to measure and calculate quark and gluon
distributions in the light-cone wavefunction is that these distributions are
directly related to quark and gluon production in hard scattering reactions
initiated by currents coupling to quarks and gluons. It is a familiar result in
deep inelastic electron-proton scattering that the structure function F2 gives
a measure of the quark distributions
F2(x,Q
2) =
∑
f
e2f [xqf (x,Q
2) + xq¯f (x,Q
2)],
at least in a first-order QCD formalism. We are now searching a stronger
result. In (1) the transverse momentum of the struck quark is integrated over
the range 0 ≤ ℓ2⊥ ≤ Q2. What we now wish to determine is the quark and
gluon distributions in a proton or nucleus for a definite value of the parton’s
transverse momentum, ℓ⊥. These unintegrated quark and gluon distributions
are determined by the cross section for producing quarks and gluons at a
definite ℓ⊥ in a deep inelastic reaction. The idea is to choose the boundary
conditions, the iǫ’s, of the light-cone gauge so that thre are no final state
interactions[4] thus guaranteeing that the struck parton appears in the final
state with unchanged momentum.
2.1 The quasi-classical approximation
This analysis has already been carried out in some detail[4] in a quasi-classical
calculation of gluon production off a large nucleus in a deep inelastic reaction
initiated by the “current” j = −1
4
F aµνF
a
µν which couples directly to gluons.
The result found for the spectrum of produced gluons, dN
d2ℓ
, is most easily
expressed in terms of the quantity
4
N˜(x) =
∫
d2ℓe−iℓ·x
dN
d2ℓ
(1)
which is given as[3, 4]
N˜(x) =
∫
d2b
N2c − 1
π2αNcx2
(1− e−x2Q2s/4). (2)
In (2) the saturation momentum Qs is given by
Q2s =
8π2αNc
N2c − 1
√
R2 − b2 ρ xG(x, Q¯2) (3)
where ρ is the nuclear density and xG is the gluon distribution for a nucleon
with 1/x2 = Q¯2, the scale at which gluons are measured. b is the impact
parameter of the current-nucleus interaction while R is the radius of the
nucleus. Eq.2 is valid in a quasi-classical limit in which Q2 ∂
∂Q2
xG(x,Q2) has
neither Q2-dependence nor ℓn1/x factors at small x. Two limits of (2) are
noteworthy. (i) At small values of x2
N˜(x)−→x2smallxGA(x, x2) (4)
reflecting independent scattering on the various nucleons of the nucleus. (ii)
For very large R
N˜(x)−→R largeN
2
c − 1
παNc
R2
x2
(5)
reflecting the saturation of the number of gluons per unit area. In momentum
space, but neglecting the logarithmic x2 dependence of Q2s,
dN
d2bd2ℓ
=
N2c − 1
4π3αNc
∫ ∞
1
dt
t
e−tℓ
2/Q2s −→ℓ2/Q2s<<1
N2c − 1
4π3αNc
ℓnQ2s/ℓ
2. (6)
This interpretation of saturation is made sharper by noting that
−
∫
d2b < Ai⊥µ (b)A
i⊥
µ (b+ x) >= πN˜(x) (7)
so that (6) can be written as[3]
− < Ai⊥µ (b)Ai⊥µ (b+ x) >=
(N2c − 1)
παNc
1
x2
(8)
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showing that for gluons of transverse size ∆x⊥ the maximum value of ∆x
2
⊥A
2
µ
is of order 1/α. This is gluon saturation. The <> in (7) and (8) indicates av-
erages in the light-cone wavefunction of the nucleus. We note that satuation
is different than shadowing[4] since (4) indicates that there is no shadowing
in the quasi-classical approximation. Finally, comparing (1) and (7) we note
that the number density of gluons in the light-cone wavefunction as given
by (7) is equivalent to the distribution of produced gluons in deep inelastic
scattering.
In Ref.[4], detailed arguments were given that, with a proper choice
of light-cone denominators, final state interactions are absent in light-cone
gauge thus allowing gluon production, at a given transverse momentum, to
directly reflect the transverse and longitudinal momentum distributions of
gluons in the light-cone wavefunction. In Ref.[4], these arguments were given
in the context of a quasi-classical (Weizsa¨cker-Williams) approximation, how-
ever the result appears to be more general as illustrated in Appendix A of
this paper. In the next two sections of this paper we calculate first the pro-
duced quark distribution and then the produced gluon distribution in deep
inelastic scatterings off a nucleus in the one-loop approximation. The results
can then be identified with the quark and gluon distributions in a nucleus in
the one-loop approximation.
3 Quark distributions
In this section, we calculate the produced quark distribution in deep inelastic
scattering off a large nucleus. Though the calculation is done at the one-
loop level we shall argue that the result is quite general and valid also for
scattering off protons at very small values of x. The calculation we are about
to perform is not so far different from what has previously been done[2] for
the deep inelastic cross section. The new element which is added here is the
determination of the transverse momentum of the leading quark which then
gives the quark distribution in the light-cone wavefunction.
3.1 The lowest order
In order to set normalizations we begin by calculating deep inelastic scat-
tering off a single nucleon and in the one-loop approximation. The relevant
graphs are shown in Fig.1. We choose a frame where
6
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Figure 1: Virtual Compton Scattering off a Nucleon in the One-quark loop
Approximation.
a
qµ = (q+, q−, q⊥) = (− q
2
2q−
, q−, 0)
and
(q − ℓ)µ = ( ℓ
2
2(1− z)q− , (1− z)q−,−ℓ) (9)
and, in addition, we always suppose that q− >> Q
2/2q− so that the scatter-
ing, say in a covariant gauge calculation, takes the form of the virtual (trans-
verse) photon breaking up into a quark-antiquark pair which then scatters
off the proton. The vertical lines running through the graphs of Fig.1 indi-
cate that the imaging part of the forward Compton amplitude is taken. It is
straightforward to write
xq + xq¯ =
2αQ2
π
∑
λ
∫
d2ℓ
4π2
dz[z2 + (1− z)2]
|ǫλ ·
(
ℓ
ℓ2 +Q2z(1− z) −
(ℓ+ k)
(ℓ+ k)2 +Q2z(1− z)
)
|2 · d
2k
[k2]2
k2
∂xG(x, k2)
∂k2
. (10)
where
ǫλµ = (ǫ
λ
+, ǫ
λ
−ǫ
λ) = (0, 0, ǫλ) (11)
is the polarization of the virtual photon while xG is the gluon distribution
of the target nucleon. It is not difficult to see that (10) leads to the usual
expression for the quark sea. In the logarithmic approximation k2 << ℓ2 the
term | |2 in (10) becomes
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∑
λ
| |2 = ℓ
2
[ℓ2 +Q2z(1 − z)]2ℓ2 [k
2 − 4(k · ℓ)
2Q2z(1 − z)
[ℓ2 +Q2z(1 − z)]2 ], (12)
which after angular averaging in k becomes
∑
λ
| |2 = k
2
[ℓ2 +Q2z(1 − z)]4{(ℓ
2)2 + [Q2z(1 − z)]2}. (13)
Again, in the logarithmic aproximation ℓ2 << Q2 and z << 1, with ℓ2 of the
same size as Q2z(1 − z), so that using (13) one finds from (10)
x(q(x,Q2) + q¯(x,Q2)) =
α
3π
∫ Q2
0
dℓ2
ℓ2
xG(x, ℓ2) (14)
which is the correct leading logarithnic form of the DGLAP[17, 18, 19] equa-
tion thus confirming our normalization in (10).
From (10) we an get the differential distribution in transverse momentum
as
dxq(x,Q2)
d2ℓ
=
αQ2
2π3
∑
λ
∫ 1
0
dz[z2 + (1− z)2]
|ǫλ ·
(
ℓ
ℓ2 +Q2z(1 − z) −
ℓ+ k
(ℓ+ k)2 +Q2z(1 − z)
)
|2d
2k
k2
∂xG
∂R2
. (15)
It is convenient to go from ℓ to the conjugate coordinate x by using
ǫ · ℓ
ℓ2 +Q2z(1 − z) =
∫ d2x
4π
e−iℓ·x − iǫ · ▽K0(
√
Q2x2z(1− z)) (16)
which gives
|ǫ · ( ℓ
ℓ2 +Q2z(1 − z) −
ℓ+ k
(ℓ+ k)2 +Q2z(1 − z))|
2 =
∫ d2x1d2x2
16π2
e−iℓ·(x1−x2)
(1− e−ik·x1)(1− eik·x2)ǫ · ▽x1K0(
√
Q2x21z(1− z))ǫ · ▽x2K0(
√
Q2x22z(1− z))).
(17)
Thus,
dxq
d2ℓ
=
αQ2
2π3
∫
dz
d2x1d
2x2
16π2
[(1− e−k·x1) + (1− eik·x2)− (1− e−ik·(x1−x2))]
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·d
2k
k2
∂xG
∂k2
[z2+(1−z)2]▽x1K0(
√
Q2x21z(1− z))·▽x2K0(
√
Q2x22z(1 − z))e−iℓ·(x1−x2).
(18)
In the logarithnic approximation the exponential factors involving k in (18)
can be expanded through second order with the resulting integration over k
limited by the corresponding x−factor. Thus,
∫
(1− e−k·x1)d
2k
k2
∂xG
∂k2
=
π
4
x21xG(x, x
2
1) (19)
where x21G(x, x
2
1) is an abbreviation for x
2
1G(x,Q
2 = 1/x21), leading to
dxq
d2ℓ
=
αQ2
128π4
∫
d2x1d
2x2dz[x
2
1xG(x, x
2
1)+x
2
2xG(x, x
2
2)−(x1−x2)2xG(x, (x1−x2)2)].
· [z2 + (1− z)2]▽x1 K0 · ▽x2K0e−iℓ·(x1−x2). (20)
3.2 The quark distribution for a large nucleus
Now consider (20) as the single scattering approximation for quark produc-
tion on a large nucleus. Introducing the nuclear density, ρ, and the impact
parameter corresponding to the nucleon in the nucleus, b, we may write (20)
as
dxq
d2ℓ
=
Q2Nc
64π6
∫
d2bd2x1d
2x2 [
x21v˜
2λ
√
R2 − b2CF
Nc
+
x22v˜
2λ
√
R2 − b2CF
Nc
−(x1 − x2)
2
2λ
√
R2 − b2CF
Nc
].
e−iℓ·(x1−x2) · [z2+(1−z)2]dz▽x1K0(
√
Q2x21z(1− z)) ·▽x2K0(
√
Q2x22z(1− z)).
(21)
In arriving at (21) we have used[20]
x21v˜
λ
=
4π2αNc
N2c − 1
ρx21xG(x, x
2
1) (22)
where
2
∫
d2bρ
√
R2 − b2 = A (23)
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with A the atomic number of the nucleus.
Now it is straightforward to allow the quark-antiquark pair coming from
the virtual photon to scatter on an arbitrary number of nucleons in the
nucleus. One simply makes the replacement[4]
x2v˜
2λ
√
R2 − b2CF
Nc
→ 1− exp[−x
2v˜
2λ
√
R2 − b2CF
Nc
]. (24)
Introducing, the saturation momentum, Qs, by
Q2s =
2v˜
λ
√
R2 − b2CF
Nc
(25)
one finds
dxq
d2ℓ
=
Q2Nc
64π6
∫
d2bd2x1d
2x2
(
1 + e−(x1−x2)
2Q2s/4 − e−x21Q2s/4 − e−x22Q2s/4
)
.
e−iℓ·(x1−x2) ·dz[z2+((1−z)2]▽x1K0(
√
Q2x21z(1 − z))·▽x2K0(
√
Q2x22z(1− z)).
(26)
We suppose Q2 >> Q2s. Then the dominant contribution to (24) comes from
the region z << 1. It is convenient to define a scaled variable y = Q2z in
terms of which
dxq
d2bd2ℓ
=
Nc
64π6
∫
d2x1d
2x2(1+e
−(x
1
−x
2
)2Q2s/4−e−x21Q2s2/4−e−x22Q2s/4)e−iℓ·(x1−x2)
· dy▽x1 K0 (
√
x21y) · ▽x2K0 (
√
x22y ). (27)
It appears difficult to give a closed form for all the integrals in (27).
However, it is rather simple to evaluate (27) either when ℓ2 >> Q2s or when
ℓ2 << Q2s. In these cases
dxq
d2bd2ℓ
=
Nc
6π4
Q2s
ℓ2
for ℓ2 >> Q2s (28)
and
dxq
d2bd2ℓ
=
Nc
2π4
for ℓ2 << Q2s. (29)
In arriving at (29) we have used
∫
d2x1d
2x2e
−iℓ·(x
1
−x
2
)dy▽x1 K0(
√
x21y) · ▽x2K0(
√
x22y) = 16π
2 (30)
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and
∫
d2x1d
2x2e
−(x1−x2)
2Q2sdy▽x1 K0(
√
x21y) · ▽x2K0(
√
x22y) = 16π
2 (31)
while the other two terms in (27) are negligible when ℓ2 << Q2s. The integral
(31) coming from the second term on the right-hand side of (27) corresponds
to the multiple scattering of the observed quark by the medium in both the
amplitude and in the complex conjugate amplitude. The integral (30) coming
from the first term on the right-hand side of (27) is the shadow term for (31)
corresponding to complete blackness of the scattering of the quark-antiquark
pair on the nucleus in the region ℓ2 << Q2s.
Eq.(29) reflects satuation of the quark density in the nucleus for ℓ2 << Q2s.
There is, up to a constant, one quark per unit phase space in the saturation
limit. Unfortunately, we are unable to give a physical interpretation of the
constant appearing on the right-hand side of (28). As will be discussed
in more detail for the gluon case we believe that, except for the constant
factor, (29) is completely general and that it does not depend on the one-loop
approximation which we have used or on the fact that we have considered a
large nucleus rather than a hadron with the quark at a very small value of
x.
4 Gluon distributions
Now we turn to determining the gluon distribution in our large nucleus. This
has earlier been done in the quasi-classical approximation. Here, we do the
calculation at the one-loop level, a calculation from which we shall be able
to extract a general result in Sec.6. The calculation we are about to perform
is related to that done some time ago[2], however, here we focus on the
transverse momentum distribution of the leading gluon, a quantity related
to the light-cone quantized distribution of gluons in the target.
4.1 The lowest order
In order to set normalizations we begin with the lowest order calculation.
We use the “current”
j(x) = −1
4
F iµνF
i
µν (32)
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which produces gluons off a nucleon at lowest order from the graphs illus-
trated in Fig.2. We parametrize q and ℓ as in (9) while the polarizations of
the produced gluons are written as
ǫλ1(q − ℓ) = (ǫλ11+1, ǫλ11−, ǫλ11 ) =
(
− ǫ
λ1
1 · ℓ
(q − ℓ)− , 0, ǫ
λ1
1
)
(33)
ǫλ2(ℓ+ k) =
(
ǫλ22 · (ℓ+ k)
ℓ−
, 0, ǫλ22
)
(34)
and for shortness of notation we shall often write ǫλ1 = ǫ1 and ǫ
λ2 = ǫ2.
In what follows we shall always work in alogarithmic approximation for lon-
gitudinal momentum so that we may assume ℓ− << q−. The sum of the
graphs shown in Fig.2 have already been evaluated in Ref.[2] with result,
when Q2 >> ℓ2, (ℓ+ k)2 and when ℓ2, (ℓ+ k)2 << Q2z
q
+
l
(b)
k
(d)
+
(a) (c)
l +k
λ 2 l+k
q-l
+
q-l
λ 1
Figure 2: Lowest order graphs for gluon pair production off a nucleon.
giving
Γλ1λ2 = ǫ
λ1
1 · ℓ
[
ℓ+ k
(ℓ+ k)2
− ℓ
ℓ2
]
· ǫλ22 (35)
If the graphs of Fig.2 are interpreted as light-cone perturbation theory graphs,
in contrast to Feynman graphs, and evaluated in A− = 0 gauge then graph
c is zero while the sum of graphs a and b is
Γaλ1λ2 + Γ
b
λ1λ2 =
ǫ1 · (ℓ+ k)ǫ2 · (ℓ+ k)
(ℓ+ k)2
− ǫ1 · ℓǫ2 · ℓ
ℓ2
. (36)
A simple calculation shows that
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∑
λ1λ2
|Γλ1λ2 |2 =
k2
(ℓ+ k)2
(37)
while
∑
λ1λ2
|Γaλ1λ2 + Γbλ1λ2 |2 = 2
ℓ2k2 − (ℓ · k)2
ℓ2(ℓ+ k)2
(38)
so that (37) and (38) are identical when k2/ℓ2 << 1 after an angular average
over directions of k. Thus in what follows we consider only graphs (a) +
(b), which terms have an interpretation as the scattering of a color neutral
two-gluon system on the target.
For scattering of the current j off a single nucleon we again have four
graphs exactly as in Fig.1 but with j replacing the electromagnetic current
jµ and with the lines ℓ, q− ℓ, · · · now referring to gluons rather than quarks.
Then analogous to (10) one can write
xG(xQ2) =
4αNc
π
∑
λ1,λ2
∫
d2ℓ
4π2
dz
z
‖ǫ1 · ℓǫ2 · ℓ
ℓ2
− ǫ1 · (ℓ+ k)ǫ2 · (ℓ+ k)
(ℓ+ k)2
‖2d
2k
k2
∂xG(x, k2)
∂k2
(39)
where, again, we work in an approximation where there are no loops in
xG(x1k
2) so that k2 ∂
∂k2
xG(x, k2) is a constant, both in ℓn1/x and in k2. The
Q2−dependence on the left-hand side of (39) comes from a cutoff ℓ2 < Q2
which is understood. Using (38) in (39) one finds
xG(x,Q2) =
∫ Q2 α(ℓ2)Nc
π
dℓ2
ℓ2
xG(x, ℓ2) (40)
which is correct in the leading double logarithmic limit, thus checking our
normalization in (39).
Going back to (39) one can write the differential distribution, the unin-
tegrated gluon distribution, as
dxG
d2ℓ
=
αNc
π3
∑
λ1λ2
∫ ℓ2/Q2
xℓ2/Q2
dz
z
|ǫ1 · ℓǫ2 · ℓ
ℓ2
− ǫ1 · (ℓ+ k)ǫ2 · (ℓ+ k)
(ℓ+ k)2
|2d
2k
k2
∂xG
∂k2
.
(41)
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We note that dxG
d2ℓ
is identical to what we alled dN
d2ℓ
in Sec.2, and in Ref.[4].
Writing
ǫ · ǫ2 −
2ǫ1 · ℓǫ2 · ℓ
ℓ2
= −
∫
d2x e−iℓ·x
1
πx2
(ǫ1 · ǫ2 −
2ǫ1 · xǫ2 · x
x2
) (42)
one finds
dxG
d2ℓ
=
αNc
2π5
∫
dz
z
d2x1d
2x2
x21x
2
2
e−iℓ·(x1−x)(
2(xix2)
2
x21x
2
2
− 1)
· (1 + e−ik·(x1−x2) − e−ik·x1 − eik·x2)d
2k
k2
∂xG
∂k2
. (43)
Duplicating the steps that led from (18) to (26) leads to
dxG
d2bd2ℓ
=
N2c − 1
8π6
∫ dz
z
d2x1d
2x2
x21x
2
2
eiℓ·(x1−x2)(2
(x1 · x2)2
x21x
2
2
− 1)
(
1 + e−(x1−x2)
2Q2s/4 − e−x21Q2s/4 − e−x22Q2s/4
)
(44)
where now
Q2s =
2v˜
λ
√
R2 − b2 (45)
which is identical to (25) except for the absence of the CF/Nc factor and
dxG
d2ℓ
≡ dN
d2ℓ
with dN
d2ℓ
as defined in Sec.2.
Again, it is easy to evaluate (44) either when ℓ2 >> Q2s or when ℓ
2 << Q2s.
Thus,
dxG
d2bd2ℓ
=
N2c − 1
4π4
Q2s
ℓ2
∫
dz
z
=
N2c − 1
4π4
ℓn 1/x
Q2s
ℓ2
for ℓ2 >> Q2s. (46)
When ℓ2 << Q2s only the 1 and e
−(x1−x2)2Q2s terms contribute to (44) exactly
as happened in going from (27) to (29). Using
∫
d2x1d
2x2
x21x
2
2
(2
x1 · x2)2
x21x
2
2
− 1)eiℓ·(x1−x2) = π2 (47)
and (see Appendix B)
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∫
d2x1d
2x2
x21x
2
2
(2
(x1 · x2)2
x21x
2
2
− 1)e−Q2s(x1−x2)2/4 = π2 (48)
we arrive at
dxG
d2bd2ℓ
=
N2c − 1
4π4
∫ Q2s/Q2
xQ2sRM/Q
2
dz
z
≈ N
2
c − 1
4π4
ℓn 1/x (49)
where the limits of the z−integration are given by assuming the transverse
momentum of each of the gluons approaching the nuclear target is of order
Qs and by requiring the gluonic system have a coherence length ≥ R. M
is the nucluon mass. As in the fermion case the integral (48) corresponds
to absorption of the two-gluon state as it passes over the nucleus while the
contribution (47) can be viewed as the quantum mechanical shadow of that
absorption and, as usual, the shadow and the absorption terms are equal
when the target is completely absorptive (black). The new element here is
the longitudinal momentum integral, the ℓn 1/x factor in (49). In Sec.6,
we shall focus on what happens when the calculation is done beyond the
one-loop level and what happens to the ℓn1/x factor in that case.
5 Interpreting the one-loop results
Now, however, let’s try to understand the significance of the rather simple
results contained in (46) and (49) as well as in (28) and (29). Eqs.(28)
and (46) of course are straightforward and represent a process which is hard
enough so that only a single nucleon in each nucleus is effective. Thus, (28)
and (29) give quark and gluon number densities which are, after integrating
over the impact parameter b, just A times production off an isolated nucleon.
It is the region where ℓ2 << Q2s which is more interesting. Refer for a
moment to (27) where dxq
d2ℓ
is given as a sum of four terms on the right-hand
side of that equation. The coordinate x1 refers to the transverse position
of the observed quark in the amplitude while x2 refers to the same quantity
in the complex conjugate amplitude. The second term on the right-hand
side of (27), the e−(x1−x2)
2Q2s/4 term, corresponds to the S-matrix for the
quark-antiquark pair coming from the virtual photon and interacting with
nucleons in the nucleus, both elastic and inelastic interactions, as it passes
over the nucleus. Only the interactions with the observed quark do not
cancel between real and virtual (inelastic and elastic) reactions. The fact
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that (x1 − x2)2 ≤ 1/Q2s shows that typically the measured quark will have
transverse momentum on the order of Q2s. Thus the contribution when ℓ
2 <<
Q2s is determined by the probability that a quark which gets many random
“kicks” be found with relatively small transverse momentum. It is natural
that dxq ∝ d2ℓ the phase space be available to the quark. Thus, except for
normalization this is purely a statistical problem for ℓ2 << Q2s. The fact
that dxq
d2ℓ
is independent of both Q2 and Q2s comes from the fact that the
quarks which dominate the process are those having transverse momentum
on the order of Qs before the quark-antiquark pair passes over the nucleus.
Quarks having transverse momentum much greater than Qs, before reaching
the nucleus, are not freed while passing over the nucleus while quarks having
transverse momentum much less than Qs, before reaching the nucleus, are
few in number and can be neglected. Since the total number of “effective”
quarks is proportional to Q2s and distributed according to phase space the
functional form, a constant, of (29) follows with one-half of that constant
given by the second term on the right-hand side of (27).
Still in the region ℓ2 << Q2s, the first term on the right-hand side of
(27) corresponds to no scattering whatsoever of the quark-antiquark pair by
the nucleons of the nucleus. It can be viewed as the quantum mechanical
shadow of the term described just above. When a quark-antiquark pair
having relative transverse momentum 2ℓ impinges on the nucleus, and if
ℓ2 << Q2s, this pair always interacts with the nucleus with the momentum
of the quark and antiquark getting distorted far from ℓ. The destruction of
this part of the wavefunction is accompanied by a “shadow” term where the
quark again has momentum ℓ. This is the first term on the right-hand side
of (27).
For the gluon-loop (44),(46) and (49) are direct analogies to (27), (28)
and (29) with the new element being the longitudinal phase space of the
gluons. When the “current” j breaks up into a gluon-gluon pair there is a
large phase space for one of the gluons (the observed gluon) to carry almost
all the current’s longitudinal momentum while the other gluon carries a small
amount which, however, because of the vector nature of the gluon gives a
logarithmic integral in the probability that the current break into a gluon-
gluon pair. It might seem that this gives an arbitrarily large factor as ℓn1/x
becomes large, but this is not quite so as we shall now see in the next section.
Finally, we note that when ℓ2 ≤ Q2s dxGd2ℓ and dxqd2ℓ have an interpretation as
quark and gluon densities in a light-cone wavefunction but they do not have
the interpretation as quark and gluon distributions in terms of an operator
16
product expansion. This is most easily seen in the discussion of Sec.2 where
dN
d2ℓ
≡ dxG
d2ℓ
has significant A-dependence, but where there is no shadowing
whatsover and no nontrivial A-dependence in terms coming from the operator
product expansion.
6 What happens to the ℓn 1/x factor?
In this section we shall argue that when higher quantum corrections are
included the ℓn1/x factor in (49) gets modified so as to lead to an expression
essentially identical to (6). To see what happens to the ℓn 1/x factor in
(49) we must go beyond the simple small-x dynamics we have used so far
in our discussion. We continue to find it useful to imagine the scattering of
the current j on a large nucleus where we choose an unusual frame in order
to explain, heuristically, what is the essential dynamics. Thus, choose the
kinematics representing the system before the collision occurs, and illustrated
in Fig.3, to be
p
q
k
q-k
Figure 3: Kinematics of the current-nucleus scattering just before the colli-
sion.
q =
(
− Q
2
2q−
, q−, 0
)
(50)
k =
(
k2
2zq−
, zq−, k
)
(51)
p =
(
p+,
m2
2p+
, 0
)
(52)
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with p the momentum per nucleon of the nucleus. With s = 2q−p+ fixed
choose q− large enough so that, for a given z, k−/k+ is significantly larger
than one but not too large. That is, take q− = N0 · |k|z with N0 a fixed, and
moderately large, number. The idea here is to put most of the longitudinal
momentum into p leaving just enough in q so that the process may be viewed
as a two-gluon system, q − k and k, colliding with a highly evolved wave-
function of the nucleus. By restricting the longitudinal momentum of the
left-moving two-gluon system coming initially from j we need not consider
further evolution in that system, at least in a leading logarithmic approxi-
mation in longitudinal momenta. All logarithms except the dz/z integration,
which is our focus, are included in the wavefunction of the nucleus. Now if z
is decreased one must correspondingly increase q− and decrease p+ in order
to keep q− = N0k/z and s = q−p+ fixed. By decreasing p+ we limit the range
of useful x-evolution in the nucleus and in so doing decrease the saturation
momentum Qs. But we must guarantee that k
2 ≤ Q2s in order that a reaction
occur with reasonable probability, and this determines the lower limit of z
in the dz/z integration. Our task then is to determine the x-dependence
of Q2s. In the quasi-classical approximation Q
2
s, given by (3) or (45), has no
x-dependence. However, once we go beyond the quasi-classical approxima-
tion we expect an x-dependence. Indeed, (3) gives an x-dependence through
xG(x,Q2) and it is to the determination of the x-dependence of this quantity
that we now turn.
For dynamics we use the fixed coupling BFKL equation which incorpo-
rates leading logarithmic x-evolution, including the small-x approximation
to DGLAP evolution. Let xG(b, x, Q2) be the gluon number density for the
nucleus at momentum fraction x, at scale Q, and at impact parameter b. Our
normalization is such that∫
d2b xG(b, x, Q2) = xGA(x,Q
2) (53)
the normal gluon distribution of the nucleus. It is xG(b, x, Q2) that we ex-
pect to replace 2
√
R2 − b2 ρxG(x,Q2) in (3) and (45). Then, in the BFKL
approximation
xG(b, x, Q2) = α
∫
N0(b, λ,Q
2
0)e
2αNc
pi
χ(λ)Y+λℓn Q2/Q2
0
dλ
2π i
(54)
where we expect N0 to be slowly varying in λ. In Eq.(54)
18
χ(λ) = ψ(1)− 1
2
ψ(λ)− 1
2
ψ(1− λ) (55)
where the λ-integration goes along the imaginary axis, while Y = ℓ n1/x.
The saddle point of the λ-integration is determined by
χ′(λ0) = −ℓn Q
2/Q20
2αNc
π
Y
(56)
giving
xG(b, x, Q2) =
αN0(b, λ0, Q
2
0)√
4αNc χ′′(λ0)Y
(
Q2
Q20
)λ0e
2αNc
pi
χ(λ0)Y . (57)
We expect (57) to be valid so long as Q2 >> Q2s with Q
2
s being determined
by
xG(b, x, Q2s) =
c
α
(
Q2s
Q20
)
(58)
where xG(b, x, Q2s), approached from the perturbative regime Q
2 > Q2s agrees
with (49) when ℓ2 → Q2s from the lower momentum side, ℓ2 < Q2s. We allow
c to have weak (logarithnmic) x and Q2s dependences. Using (57) and (58)
one finds
(1− λ0)ℓn Q2s/Q20 = ℓn{
N0α
2
c
√
4αNcχ′′Y
}+ 2αNcχ(λ0)
π
Y. (59)
Using (56) in (58) gives
[1− λ0 + χ(λ0)
χ′(λ0)
]ℓn Q2s/Q0 = ℓn{
N0α
2
c
√
4αNcχ′′Y
}. (60)
The right-hand side of (60) is slowly varying in Y and in λ0. Thus, for very
large Y, leading to very large Q2s, λ0 is determined by
1− λ0 + χ(λ0)
χ′(λ0)
= 0 (61)
a value of λ0 which is not too far from λ = 1/x so that ℓn 1/x evolution
dominates Q2−evolution indicating that our appoach to the problem should
be reasonable.
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Turning to (59) and using the fact that the first term on the right-hand
side of that equation is slowly varying in Y one can determine that
1
Q2s
dQ2s(Y )
dY
=
2αNcχ(λ0)
π(1− λ0) (62)
giving the dependence of the saturation momentum on Y.
Now we are in a position to answer the question of what happens to the
ℓn 1/x factor in (49) when higher quantum corrections are included. Let
Y = ℓ n s/Q2 and let Y (ℓ) be that rapidity such Q2s(Y (ℓ)) = ℓ
2. Then the
z−integral in (49) becomes
∫ ℓ2/Q2
x0 ℓ2/Q2
dz
z
= ℓn 1/x0 = ℓn
Q2s(Y )
Q2s(Y (ℓ))
(63)
where ℓn 1/x0 = Y − Y (ℓ) so that, using (63) one gets (49) to become
dxG
d2bd2ℓ
=
N2c − 1
4π3αNc
1− λ0
2χ(λ0)
ℓn
Q2s(Y )
ℓ2
(64)
which, apart from the 1−λ0
2χ
factor, is identical to (6). We feel that the essential
factors in (64), the N
2
c−1
αNc
and the ℓn Q2s/ℓ
2 factors, are general results in QCD
for the light-cone wavefunction. The overall constant in (64) we do not trust.
It is perhaps useful to consider carefully why we claim that (49) is gen-
eral, except for the issue of the ℓn 1/x factor which we have discussed in
some detail in this section. To that end turn to (44). Except for the four
terms in parentheses at the end of the right-hand side of (44) all the other
factors reflect the current j breaking up into a gluon-gluon pair along with
the Fourier transform going from transverse coordinate to transverse mo-
mentum space. Thus all the dynamics of the target is in the last factor. Of
the four terms constituting the last factor the first, the 1, corresponds to no
interactions of the gluon pair with the target and this term is universal and
independent of the nature of the target. The third and fourth term corre-
spond to possible interactions only in the amplitude and complex conjugate
amplitudes, respectively. These two terms are functions only of x21 and x
2
2,
respectively and so must generally integrate to zero when ℓ2 << Q2s. The
second term corresponding to S(x1)S
∗(x2), the product of the S−matrices
in the amplitude and complex conjugate amplitude, need not in general take
the form given in (44). This term in general must be 1 when x1 = x2 and
it should be small when (x1 − x2)2Q2s >> 1, but we have no argument as
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to the exponential form of (44) being exact. It is this specific form which
gives (47) and (48) the same value. Physically, the exponential form in (44)
came from the many independent scatterers in the nucleus. While this is
also natural in our more general circumstance we do not know how to prove
it. In any case, the expectation that the term in question go to zero when
(x1−x2)2Q2s >> 1 immediately gives a contribution which is ℓ−independent
when ℓ2 << Q2 since the ℓ−dependence only comes in through e−iℓ·(x1−x2).
The real issue then is what constant replaces the π2 on the right-hand side of
(48). We have written (64) as if that constant remains π2 while it may pos-
sibly be some other pure number. Thus the form given in (64) we feel must
be true, but there may be an additional constant multiplying the right-hand
side of that equation.
Appendix A
In this appendix we illustrate how, with a proper choice of iǫ’s in light-
cone denominators, final state interactons can be suppressed. The example
given here is similar to that given some time ago [21] although now we have
a better physical interpretation of what is happening.
Consider the graph shown in Fig.4 where there is a final state interac-
tion of the gluon (k) with the struck quark. In light-cone gauge only the
term i
k2+iǫ
ηαk⊥β
k+
is important in the gluon propagator. p has a large + com-
ponent of the momentum, and we suppose q has only + and — compo-
nents with 2q+q− = −Q2. We may assume that all lines in the upper blob
have + components of their momentum greater or equal to (ℓ− k − q)+ =
xp+while|(ℓ−q)−| << q−. Thus (ℓ−k−q)2 ≈ −(ℓ−k)2 and k2 ≈ −k2 so that
one need only consider (ℓ−k)2+iǫ and k+ as denominators possibly trapping
the k+−contour and thus limiting k+ to small values. It is only in case the
k+−contour is trapped at a value where |k+| ≤ k
2
⊥
ℓ−
that final state interac-
tions are important. Now (k− ℓ)2+ iǫ ≈ −2ℓ−((k− ℓ)++( (k−ℓ)22ℓ− − iǫ). Thus,
if the light-cone denominator is taken to be [k+ − iǫ]−1 there is no trapping
of the k+ contour while any other choice leads to trapping. This choice of iǫ
corresponds to the gauge potential extending to large negative x−−values,
but not to large positive x−− values[4, 6], thus naturally avoiding final state
interactions. It is straightforward to include additional gluons connecting to
the struck quark. What is not so clear is whether or not there is a consistent
definition of light-cone denominators which renders higher loops finite and
21
at the same time eliminates the gauge field for large positive values of x−.
This is an important technical problem yet to be resolved.
q
p
α
β
l-k-q
l
p
q
l-k
k
Figure 4: Potential final-state interaction which is absent with appropriate
choice of boundary conditions for the light-cone gauge propagator.
Appendix B
In this appendix we outline how the integral in (48) can be evaluated.
I =
∫
d2x1d
2x2
x21x
2
2
(2
(x1 · x2)2
x21x
2
2
− 1)e−(x1−x2)2Q2s/4, (B1)
then
I =
1
2
∫
d2x1d
2x2
(x21)
2(x22)
2
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∂2
∂(Q2s)
2
+ 8(x21 + x
2
2)
∂
∂Q2s
+ (x21)
2 + (x22)
2]e−(x1−x2)
2Q2s/4
(B2)
Using
1
2π
∫ 2π
0
dφe
1
2
x1x2cosφQ2s = I0(
1
2
Q2x1x2). (B3)
One finds
I = π2
∫ ∞
0
dx21dx
2
2
x21x
2
2
I2(
1
2
Q2sx1x2)e
−(x2
1
+x2
2
)Q2s/4. (B4)
Now (See formula 19 on page 197, Ref.[22].
∫ ∞
0
dx22
x22
I2(
1
2
Q2sx1x2)e
−x2
2
Q2s/4 =
1
Q2sx
2
1
ex
2
1
Q2s/4γ(2, Q2sx
2
1/4)
22
where γ(α, x) is the incomplete γ−function. We find
I = π2
∫ ∞
0
dz
z2
γ(2, z) = π2. (B5)
References
[1] L.V. Gribov, E.M. Levin and M.G. Ryskin, Phys.Rep.100 (1983)1.
[2] A.H. Mueller, Nucl.Phys.B335 (1990) 115.
[3] J.Jalilian-Marian, A. Kovner, L.McLerran and H. Weigert,
Phys.Rev.D55 (1997) 5414.
[4] Yu. V. Kovchegov and A.H. Mueller, Nucl.Phys.B529 (1998) 451.
[5] L. McLerran and R. Venugopalan, Phys. Rev.D49 (1994) 2233; 49
(1994) 3352; 50 (1994) 2225.
[6] Yu.V. Kovchegov, Phys. Rev.D54 (1996) 5463; 55 (1997) 5445.
[7] Yu. V. Kovchegov, A.H. Mueller and S. Wallon, Nucl. Phys.B507 (1997)
367.
[8] Ya.Ya. Balitsky and L.N. Lipatov, Sov.J. Nucl.Phys.28 (1978) 822.
[9] E.A. Kuraev, L.N. Lipatov and V.S. Fadin, Sov.Phys.JETP 45 (1977)
199.
[10] A. Caldwell at DESY Workshop (1997)
[11] H. Abramowicz and A. Caldwell, DESY report DESY 98-192 (1998).
[12] A.H. Mueller in DIS 98, eds. Gh. Coremans and R. Roosen, World Sci-
entific (1998).
[13] E. Gotsman, E. Levin and U. Maor, Phys. Lett.B425 (1998) 369.
[14] K. Golec-Biernat and M. Wu¨sthoff, hep-ph/9807513.
[15] E. Gotsman, E. Levin and U. Maor, Nucl.Phys.B493 (1997) 354.
[16] A.H. Mueller, Eur. Phys.J.A1 (1998) 19.
23
[17] Yu. L. Dokshitzer, Sov.Phys. JETP 73 (1977) 1216.
[18] V.N. Gribov and L.N. Lipatov, Sov.J. Nucl. Phys.15 (1972) 78.
[19] G. Altarelli and G. Parisi, Nucl.Phys. B126 (1977) 298.
[20] R. Baier, Yu. L. Dokshitzer, A.H. Mueller, S. Peigne´ and D. Schiff,
Nucl.Phys. B484 (1997) 265.
[21] A.H. Mueller and J. Qiu, Nucl.Phys.B268 (1986) 427.
[22] A. Erdlyi et al., “Tables of Integral Transforms,” Vol.1, McGraw-Hill
(1954).
24
